
PHYSICAL REVIEW E 98, 042703 (2018)

Dynamic interplay of nematic, magnetic and tetrahedral order in ferromagnetic nematic phases
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We consider the influence of tetrahedral/octupolar order on ferromagnetic nematic liquid-crystalline phases.
The presence of tetrahedral order leads to broken parity symmetry in an achiral liquid-crystalline system, in
addition to broken time-reversal symmetry associated with the existence of a spontaneous magnetization. As a
consequence we find static as well as reversible and irreversible dynamic cross-coupling terms absent in usual
ferromagnetic nematics. Several static and dynamic experiments are suggested to detect possible tetrahedral or-
der. We predict that linear gradients terms in the generalized energy involving the ferromagnetic magnetization
and the nematic director field lead to chiral domains of ambidextrous helicity. As a characteristic dissipative
dynamic cross-coupling we point out that the rotation of the magnetization can be driven by temperature and/or
concentration gradients. Conversely heat and concentration currents can be generated by rotations of the mag-
netization. As a characteristic example for reversible cross-coupling terms we analyze the consequences of the
coupling between the molecular field of the nematic director and temperature and concentration gradients.
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I. INTRODUCTION

Following the pioneering work of Fel [1, 2] on tetrahe-
dral/octupolar order in liquid crystals the theoretical inves-
tigations of the physical consequences of this type of non-
polar order associated with broken parity symmetry focused
on applications in liquid crystals: phase transitions [1, 3–5],
microscopic models and phase diagrams [6–8] as well as the
macroscopic properties of liquid-crystalline phases involving
tetrahedral order [9–15]. Most of the experimental work on
the question of tetrahedral order concentrated on the influence
on phase transitions and on macroscopic properties of liquid-
crystalline phases formed by bent-core molecules [16–28].
In addition, there were experimental reports indicating the
presence of tetrahedral order in another class of compounds,
namely ferrocenomesogens [29, 30]. Most of these observa-
tions and experimental results such as ambidextrous helicity
and ambidextrous chirality [16, 19, 26] and unusual behavior
near the isotropic - liquid crystal phase transitions including
shifts of the phase transition temperature by up to 10 K linear
in electric fields, two optically isotropic phases in magnetic
fields and reentrant isotropic phases [17, 18, 20, 23, 25, 27, 28]
could be interpreted successully in terms of the occurrence
of tetrahedral order [12, 14, 15, 31, 32]. In parallel tetrahe-
dral order has been incorporated in the dynamic description
of movable and deformable active particles which are used as
models for self-propelled microorganisms in biological appli-
cations [33–35]. Quite recently there is also growing interest
in clarifying various mathematical aspects of tetrahedral order
in two and three spatial dimensions [36–38]. Last year it has
been pointed out [31] that the observed macroscopic chiral
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domains in optically isotropic partially fluid systems [39–41]
can be interpreted naturally in terms of tetrahedral order pro-
vided a transient network is assumed. For a recent review of
tetrahedral order in liquid crystals we refer to [32].

An important issue so far not considered is the influence
of a magnetization on tetrahedral liquid-crystalline phases.
This influence is interesting from a symmetry point of view,
because the magnetization is odd under time-reversal and in
a ferromagnet with a spontaneous magnetization the ground
state breaks time-reversal symmetry.

In the magnetic domain of soft matter physics Brochard and
de Gennes predicted in their seminal work [42], the existence
of ferromagnetic nematics and ferromagnetic cholesterics in
the domain of liquid crystals. Simultaneously first experimen-
tal efforts along these lines started immediately [43], but they
were not leading to ferromagnetic nematic phases, since suit-
ably characterized and uniform magnetic nano-particles did
not exist in 1970. Only about five years ago the group around
Lisjak and Mertelj reported the successful synthesis and char-
acterization of a homogeneous phase of a truly ferromagnetic
nematic [44]. This is of particular interest, since this ma-
terial represents the first liquid multi-ferroic system at room
temperature. In addition to the director characterizing spon-
taneously broken rotational symmetry, a truly ferromagnetic
phase breaks time-reversal symmetry and rotational symmetry
in spin space. Several synthetic and static investigations also
involving the phase transition to the isotropic phase followed
quickly [45–48]. Biaxial ferromagnetic nematics have also
been reported quite recently [49]. An earlier Landau inves-
tigation of the phase transitions involved [50] could be used
to interpret some of the experimental results [44]. Building
on the macroscopic dynamic work of Jarkova et al. [51, 52],
the approach of macroscopic dynamics for truly ferromag-
netic nematics has been used successfully recently to describe
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quantitatively dynamic experimental results [53, 54] and to
make further experimentally testable predictions [55]. For a
recent review on truly ferromagnetic nematics we refer to Ref.
[56].

More recently ferromagnetic cholesterics, for which one
has as a liquid-crystalline solvent a nematic containing chiral
molecules, have been synthesized and characterized [57–59].
While ferromagnetic cholesterics turn out to have many differ-
ent textures and defects depending on the ratio of cholesteric
pitch and sample thickness, also simple textures could be ob-
tained recently [59]. The latter observation will open the door
to apply a recent macroscopic description of ferrocholesterics
[60] to this rather complex system.

Our goal in the present paper is to analyze how to detect the
possible presence of tetrahedral/octupolar order in ferromag-
netic nematics, a system composed of nonchiral molecules.
We focus our investigations on macroscopic properties in the
static as well as in the dynamic domain.

The paper is organized as follows. In Sec. II we give a Lan-
dau analysis and determine the macroscopic variables. In Sec.
III we present the thermodynamics and the static properties of
ferromagnetic nematics followed in Sec. IV by the derivation
of the macroscopic dynamic equations. In Sec. V we make
suggestions how to detect the presence of tetrahedral order
statically and dynamically followed by brief conclusions and
a perspective.

II. LANDAU ENERGIES AND MACROSCOPIC
VARIABLES

In this section we discuss the properties of a phase, for
which one allows for the additional presence of a tetrahe-
dral order parameter in a ferromagnetic nematic phase. We
use a Landau energy approach to discuss the possible ground
states. We then identify all macroscopic variables for a se-
lected ground state.

A. Landau energy considerations

As variables in a Landau expansion we take into account, in
addition to the magnetization, Mi, and the quadrupolar order
parameter, Qij , the tetrahedral order parameter, Tijk, a fully
symmetric third rank tensor [1]

Tijk = T0

4∑
ζ=1

nζin
ζ
jn

ζ
k, (1)

where the vectors nζ (ζ = 1, 2, 3, 4) span a tetrahedron and
the order parameter T0 describes the strength of the tetrahedral
order. We assume the strength of the tetrahedral order, T0,
as constant, which is a good approximation far away from a
phase transition, where the tetrahedral order vanishes.

Tetrahedral order fully breaks rotational symmetry of
isotropic space. However, in the absence of any orienting
external field or boundary the actual orientation of the tetra-
hedron is arbitrary: Any homogeneous rotation of the tetra-

hedron leads to a distinct, but energetically identical equilib-
rium state. These are the three Goldstone modes that appear
as (symmetry) variables in the hydrodynamic description. In
that respect, tetrahedral order is analogous to the case of biax-
ial nematic liquid crystals [61, 62].

The nematic (quadrupolar) order parameter is described by
a symmetric traceless second rank tensor Qij = 1

2S(3ninj −
δij) [63]. The quantity S is a scalar order parameter, which
describes the strength of the orientational ordering. It is zero
in the isotropic phase, where the molecules are randomly ori-
ented, while it is equal to 1 if on average all the molecules
point in the same direction. The unit vector n is the direc-
tor field and describes the orientation of the nematic ordering.
Without loss of generality one can assume nini = 1. It should
be emphasized that due to the equivalence n→ −n all of the
equations should be invariant with respect to this transforma-
tion.

The Landau energy has, in addition to the terms already
present in a magnetic tetrahedral phase [64], also the Landau
energy expressions for a pure nematic phase and the various
coupling terms between the magnetization, the quadrupolar
and the tetrahedral order parameter. These coupling terms
read

FC = FQM + FQT + FMT + FQTM , (2)

with FQM being the same as for the ferromagnetic nematic
phase, (see Ref. [50]):

FQM =
γ

2
MiMjQij+

δ1
2
MkMkQijQji+

δ2
2
MiMkQijQkj .

(3)
The second term in Eq. (2) was investigated in Ref. [14]:

FQT =d1QilQjmTilkTjmk

+
d2

2
(QimQjl +QijQlm)TilkTjmk. (4)

There it was found that if d1 + d2 > 0 the phase is of
D2d symmetry where the director points along one of the im-
proper 4̄ axes, whereas if d1 + d2 < 0 the phase is of C3v

symmetry and the director points along one of the tetrahedral
vectors. The cross coupling terms between the magnetization,
the quadrupolar and the tetrahedral order parameter, FQTM ,
are of quintic order:

FQTM =c1QilMjMmTilkTjmk

+
c2
2

(QijMm +QimMj)MlTilkTjmk. (5)

One can see the similarities of Eqs. (5) and (4). This is due
to the fact the free energy should be even in the magnetization
to ensure invariance with respect to time-reversal symmetry.

As a first step we assume the director is fixed with re-
spect to the tetrahedral structure and points along the z axis,
n = êz . To find the orientation of M in the ground state,
we vary the azimuthal and the polar angle, defined by M =
M0(cosϕ sinψ, sinϕ sinψ, cosψ). There are five different
solutions of the angles, that correspond to a minimum of the
free energy. The first solution is where the magnetization
points along the director field M ‖ n.
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Next also the energy term coupling the magnetization and
the tetrahedral order parameter enters the picture

FMT = aTilkTjmkMiMlMjMm. (6)

Two of the other solutions correspond to the magnetization
lying in the plane perpendicular to the director. One of these
solutions is stable if a > 0 and the magnetization points along
one of the other two improper 4̄ axes. The other solution is
stable if a < 0 and the magnetization lies within one of the
mirror planes. For the last two solutions the angle ψ depends
on the value of coefficients in the expression for the free en-
ergy, Eq. (2).

In the following we focus on the solution where the direc-
tor and the magnetization are parallel in the ground state as
depicted in Fig.1.

x

y

z

FIG. 1: The ground state of the system showing the magnetization
(red) and the director (shown as a double-headed arrow in orange)
along one of the improper 4̄ axes of the tetrahedron (blue).

B. Macroscopic variables

To derive the macroscopic equations of a particular macro-
scopic system one must first identify the relevant macroscopic
variables based on a specific ground state as input. In addition
to the conserved variables characteristic of an isotropic fluid
– the mass density ρ, the energy density ε and the density of
linear momentum g – one must address the issue of variables
associated with spontaneously broken continuous symmetries
and of macroscopic variables, which relax on a long, but finite
time scale [65–67].

Inspired by the experimental results available on ferromag-
netic nematic liquid-crystalline phases [44–48, 53, 54, 56], we
will assume that in the ground state the director n and the
magnetization M are parallel. In addition, we assume that
a > 0 and that the magnetization points along one of the im-
proper 4̄ axes of the tetrahedron. Thus the situation considered
in the following is that of a nematic phase withD2d symmetry
[14] with an additional spontaneous magnetization parallel to
the nematic director in the ground state.

Rotations of the tetrahedral structure can be described by a
projection, δΓi, with [14]

δΓi =
1

4α̃
εipqTpklδTqkl, (7)

where δTqkl is the deviation of the tetrahedral order parameter
from the equilibrium one, δTqkl = Tqkl − T eq

qkl. We use the
normalization [14, 32] TiklTjkl = α̃δij , with α̃ = (32/27)T 2

0 .
This relation can be inverted [14, 32] to yield

δTqlk = 2εipqTpklδΓi. (8)

In this paper we focus on the importance and influence of
tetrahedral order on a ferromagnetic nematic phase. The hy-
drodynamic orientational degrees of freedom associated with
the director are characterized by the variations of the direc-
tor field, δni, with niδni = 0. The magnetic order is due
to the existence of a spontaneous magnetization, M. It de-
scribes the strength of magnetic order by the order parameter
M ≡ |M|, and its orientation by the unit vector m = M/M .
The former is neither connected to a Goldstone mode, nor to a
conservation law, and therefore does not give rise to a genuine
hydrodynamic variable. Nevertheless, its relaxation time can
be large enough to be relevant in the hydrodynamic regime,
and we will keep δM ≡ M −M0, with M0 the equilibrium
magnetization, as a macroscopic variable.

Since we will assume a rigid coupling between the direc-
tor, the tetrahedral order and the magnetization in the ground
state we have as hydrodynamic variables the director varia-
tions, δni and the quantity δΩ ≡ niδΓi, with δΓi given by
Eq. (7), which describes a rotation of the tetrahedral structure
about the equilibrium director and thus also about the magne-
tization in equilibrium. In addition we have as macroscopic
variables δmi and δM .

III. THERMODYNAMICS AND STATIC PROPERTIES

To describe the statics of the tetrahedral ferromagnetic ne-
matic phase we proceed along the same lines as for ferrone-
matics [51, 52] and ferromagnetic nematics [53–55]. We use
the conservation laws for density ρ, energy density ε, den-
sity of linear momentum g and particle concentration c. For
the magnetic degrees of freedom we have the variation of the
modulus δM and the variations of the magnetic unit vector
m, δmi. In addition we have the director degrees of freedom,
δni. As discussed above there is now the additional variable
δΩ describing rotations of the tetrahedral structure about the
equilibrium director. To satisfy Maxwell’s equations the mag-
netic induction B must be considered as well.

Throughout this paper we assume local thermodynamic
equilibrium. Changes of the macroscopic variables listed
above are then related to changes of the total energy density
via the Gibbs relation,

df = Tdσ + µdρ+ vidgi + µcdc+ hMdM + hm
′

i dmi

+Ψm
ijd∇jmi + hΩ′

dΩ + ΨΩ
i d∇iΩ + hn

′

i dni

+Φnijd∇jni (9)
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which is the local formulation of the first law of thermody-
namics. In Eq. (9) hm′i , hΩ′

and hn′i are the thermodynamic
conjugate forces to mi, Ω and ni and are given explicitly in
eqs.(37), (42) and (39).

In the static behavior only the combinations

hMi = hM
′

i −∇jΨM
ij , hni = hn

′

i −∇jΦnij , and

hΩ = hΩ′
−∇iΨΩ

i (10)

enter the picture. In addition, in the absence of boundaries
or orienting fields, hm

′

i = hn
′

i = hΩ′ = 0 to guarantee that
changes in the orientation do not change the energy.

The thermodynamic conjugates are prefactors of the differ-
entials in Eq. (9), it i.e. temperature T , chemical potential µ,
velocity vi, osmotic pressure (divided by the pressure) µc, so-
called molecular fields of the magnetic order hM , of the mag-
netization rotations hmi , of rotations about the director hΩ, and
of director rotations hni . They (or their gradients) act as ther-
modynamic forces in the dynamics (depending whether they
are zero or finite in equilibrium).

Rotational invariance leads for eq. (9) to the additional re-
quirement

0 = εijk(hm
′

i mj + hn′i nj + ΨΩ
i ∇jΩ + Ψm

li∇jml

+Ψm
il∇lmj + Φnli∇jnl + Φnil∇lnj)− hΩmk (11)

where the last term is due to the fact that Ω is not a scalar
quantity and is not invariant under rotations. For details cf.
[14, 64].

The material tensors will be constructed using the invari-
ants ni, δ⊥nij = δij − ninj , εijk and Tijk. The magnetization
Mi does not define an extra, independent preferred direction,
and will occur only, when its specific time-reversal behavior
is crucial. Since all material parameters can be arbitrary func-
tions of M2, only linear contributions of Mi will explicitly
show up in the material tensors. This is in the same spirit as
for the case without tetrahedral order [51–54].

The thermodynamic conjugates are defined as partial
derivatives of the total energy density with respect to the ap-
propriate variable. Thus they follow from a total energy func-
tional that can be written as

f = f0 + fel + fM + fMgrad + flin, (12)

where f0 is the total energy of an isotropic liquid mixture, fel

contains the gradient terms associated with the director, the
orientation of the magnetization and with Ω, fM is the spa-
tially homogeneous magnetic energy including external mag-
netic fields and fMgrad contains gradients of M while flin is
linear in gradients.

When constructing the explicit forms of the various energy
contributions one can make use of the totally antisymmetric
symbol, εijk, the tetrahedral structure Tijk and the director ni.
One has to note that Tijk is odd under spatial inversion and
ni is even under time-reversal, while mi is odd under time-
reversal. In particular we find [67]

f0 =
T

2CV
(δσ)2 +

1

2ρ2κs
(δρ)2 +

γ

2
(δc)2 +

1

ραs
(δσ)(δρ)

+ βσ(δc)(δσ) + βρ(δc)(δρ) +
g2
i

2ρ
. (13)

containing the standard thermodynamic susceptibilities, such
as specific heat CV , compressibility κs, thermal expansion αs
etc.

In general, inhomogeneous rotations of ni, mi and Ω must
increase the total energy

fel =
1

2
Km
ijkl(∇jmi)(∇lmk) +

1

2
Kijkl(∇jni)(∇lnk)

+Knm
ijkl(∇inj)(∇kml) +

1

2
KΩ
ij(∇iΩ)(∇jΩ)

+CnΩ
ijk(∇iΩ)(∇knj) + CMiΩ

ijk (∇iΩ)(∇kmj)

+Πc
ijk(∇ic)(∇knj) + Πσ

ijk(∇iσ)(∇knj)
+Πρ

ijk(∇iρ)(∇knj) + ΠMic
ijk (∇ic)(∇kmj)

+ΠMiσ
ijk (∇iσ)(∇kmj) + ΠMiρ

ijk (∇iρ)(∇kmj)

+(∇iΩ)(CcΩij ∇jc+ CσΩ
ij ∇jσ + CρΩij ∇jρ) (14)

with the rotational stiffness (or rotational elastic) tensors

Km
ijkl = Km

1 δ
⊥
ijδ
⊥
kl +Km

2 npnqεijpεklq

+Km
3 njnlδ

⊥
ik +Km

4 npnqTijpTklq (15)

Kijkl = K1δ
⊥
ijδ
⊥
kl +K2npnqεijpεklq

+K3njnlδ
⊥
ik +K4npnqTijpTklq (16)

Kmn
ijkl = Kmnδ⊥jl(niMk + nkMi) (17)

KΩ
ij = KΩ

⊥δ
⊥
ij +KΩ

‖ ninj (18)

CnΩ
ijk = C⊥(εjkpni + εjipnk)np (19)

CMiΩ
ijk = CMiΩ

2 (εjkpni + εjipnk)Mp

+CMiΩ
3 (εjkpMi + εjipMk)np (20)

Πλ
ijk = Πλ(niδ

⊥
jk + nkδ

⊥
ij) (21)

ΠMiλ
ijk = ΠMiλ(Miδ

⊥
jk +Mkδ

⊥
ij) (22)

CλΩ
ij = Cλ⊥nkTkps(εirsTjpr + εjrsTipr) (23)

where λ ∈ {σ, ρ, c}.
The structure of fel bears some similarity with the gradient

energy in the D2d phase [68] and contains four coefficients
each related to bending distortions of the orientation of the
magnetization and the director. In addition there are two coef-
ficients related to inhomogeneous rotations about the director
and one mixed one. We emphasize that there is only one gra-
dient term coupling the gradients of the director with those
of mi. In addition, there are cross-couplings of the inhomo-
geneous rotations of Ω with gradients of the scalar conserved
variables. Also note that the contribution ∼ C⊥ [69], which
couples gradient of ni and of Ω is associated with∇× n.

The magnetic part of the free energy homogeneous in the
magnetization in Eq. (12) reads

fM = −MiHi −
1

2
A1(mini)

2 +
1

2
αM2 +

1

4
βM4. (24)

This expression is derived taking into account the static mag-
netic Maxwell equations. α and β are expansion coefficients
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in a Landau expansion for M and where the contribution
∼ A1 describes the coupling between mi and ni. The deriva-
tion parallels very closely that given in Ref.[52] and quite re-
cently in Ref.[64]. fM is the Legendre transformed magnetic
energy containing the magnetic field H. The ferromagnetic
coupling in fM leads to the parallel equilibrium orientation of
the magnetization along an external magnetic field. As a re-
sult a homogeneous external field is compatible with a homo-
geneous combined magnetization/tetrahedral structure in the
phase considered here: ferromagnetic nematic with additional
tetrahedral order. However, the degeneracy of the (combined)
orientation of the magnetization and the tetrahedral structure
is partially lifted and only the orientation of the structure per-
pendicular to the field (and m) is still arbitrary.

For the magnetic gradient energy we find

fMgrad =
1

2
KM
ij (∇iM)(∇jM) + CMΩ

ij (∇iM)(∇jΩ)

+ KMm
ijk (∇iM)(∇jmk) +KMn

ijk (∇iM)(∇jnk)

+ (∇iM)(ΠcM
ij ∇jc+ ΠσM

ij ∇jσ + ΠρM
ij ∇jρ) (25)

with

KM
ij = KM

⊥ δ
⊥
ij +KM

‖ ninj (26)

CMΩ
ij = C‖nkTkps(εirsTjpr + εjrsTipr) (27)

KMm
ijk = KMm(Mjδ

⊥
ik +Miδ

⊥
jk) (28)

KMn
ijk = KMn(njδ

⊥
ik + niδ

⊥
jk) (29)

ΠλM
ij = ΠλM

⊥ δ⊥ij + ΠλM
‖ ninj (30)

where λ ∈ {σ, ρ, c}. There are two stiffness coefficients
(KM
⊥ ,K

M
‖ ) related to distortions of M . cross-couplings

between distortions of M and inhomogeneous rotations of,
and about the director, are described by one coefficient each
(KMn and C‖ respectively), while there are in total six coef-
ficients (ΠλM

⊥,‖) connected to the coupling of gradients of M
with gradients of the scalar conserved variables. Finally we
note that we have kept in Eq. (25) one term linear in the mag-
netization Mi: KMm.

The last energy contribution we are discussing here is the
linear gradient energy

flin = ξMTijkMi(∇jmk) + ξnTijkni(∇jnk). (31)

This expression is identical to the linear gradient term in the
D2d phase [14] for the director ni. In addition it also contains
the analogous linear gradient term, when one uses mi instead
of the director ni. These two linear gradient terms are allowed
due to the presence of tetrahedral order, which breaks parity.
The present system appears to be the first one for which two
of these linear gradient terms exist: one associated with the
nematic director and one associated with the direction of the
magnetization. As a consequence, the ground state might not
be homogeneous, resembling the case of added chirality to
nematic liquid crystals. In fact these terms are well-known by
now to give rise to ambidextrous helicity [14, 15, 31, 32]. In
case one can obtain sufficiently large domains of either hand
in a ferromagnetic nematic liquid crystal composed of nonchi-
ral constituents, this would form a rather obvious evidence of
the presence of tetrahedral order. Naturally an observation in
the visible range would be most attractive.

For completeness we list the expressions for the thermo-
dynamic conjugates that follow from the energy contributions
introduced above

vi =
1

ρ
gi (32)

δT =
T

CV
δσ +

1

ραs
δρ+ βσδc−∇i

(
Πσ
ijk∇knj + ΠσM

ij ∇jM + CσΩ
ij ∇jΩ−ΠMiσ

ijk ∇kmj

)
(33)

δµ =
1

ρ2κs
δρ+

1

ραs
δσ + βρδc−∇i

(
Πρ
ijk∇knj + ΠρM

ij ∇jM + CµΩ
ij ∇jΩ−ΠMiρ

ijk ∇kmj

)
(34)

δµc = γδc+ βσδσ + βρδρ−∇i
(

Πc
ijk∇knj + ΠcM

ij ∇jM + CcΩij ∇jΩ−ΠMic
ijk ∇kmj

)
(35)

hM = −miHi + αM + βM3 +
(
CMiΩ

2 [εjkpni + εjipnk]mp + CMiΩ
3 [εjkpmi + εjipmk]np

)
(∇iΩ)(∇kmj)

−∇i
(
KM
ij ∇jM + CMΩ

ij ∇jΩ +KMm
ijk ∇jmk −KMn

ijk ∇jnk −ΠσM
ij ∇jσ + ΠρM

ij ∇jρ+ ΠcM
ij ∇jc

)
+(miδ

⊥
jk +mkδ

⊥
ij)
(
ΠMiρ∇iρ+ ΠMiσ∇iσ + ΠMic∇ic

)
(∇kmj) (36)

hm
′

i = −MHi −A1(mjnj)ni (37)

Ψm
ij = Km

ijkl∇lmk +Knm
jikl∇lnk +KMm

kji ∇kM + ΠMiσ
kji ∇kσ + ΠMiρ

kji ∇kρ+ ΠMic
kji ∇kc+ CMiΩ

kji ∇kΩ (38)

hn
′

i = −A1(mjnj)mi (39)

Φnij = Kijkl∇lnk + CnΩ
kij∇kΩ +KMn

kji ∇kM + Πσ
kij∇kσ + Πρ

kij∇kρ+ Πc
kij∇kc+Knm

jikl∇kml (40)

ΨΩ
i = KΩ

ij∇jΩ + CnΩ
ijk∇knj + CMΩ

ij ∇jM + CσΩ
ij ∇jσ + CµΩ

ij ∇jµ+ CcΩij ∇jc+ CMiΩ
ijk ∇kmj (41)

hΩ′
= 0 (42)
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Since the δ’s in Eqs. (33) - (35) describe deviations from
the constant equilibrium values of the appropriate variable,
all expressions on the left hand side of Eqs. (32) - (42) are
zero in equilibrium and can act as thermodynamic forces that
drive the dynamics of the system. On the other hand, the right
hand sides of all these equations have to be zero in equilibrium
(Euler conditions). Note that the energy flin does not enter any
Euler condition (except for ∇lTijk 6= 0), since it is linear in
gradients of mi.

IV. DYNAMICS OF FERROMAGNETIC NEMATICS WITH
TETRAHEDRAL ORDER

A. Dynamic equations

The hydrodynamic variables can be put into two different
classes. There are conserved variables, like the mass density,
energy density and momentum density g, which are governed
by conservation laws. The second class of variables corre-
sponds to the variables associated with spontaneously broken
continuous symmetries. Their dynamics is governed by bal-
ance laws. In our case we have from this class the director
variations, δni, and the rotation around the director, δΩ. There
are some macroscopic variables, that relax on a finite but very
long time scale and it is therefore sensible to include them
into the macroscopic description, Ref. [67]. In our case we
will consider the magnitude of the magnetization, M , as well
as the orientational variations of the magnetization, Mi: δmi.

The dynamic equations read (including the dynamic equa-
tions already given in Ref.[52]):

∂

∂t
f +∇i([f + p]vi + jfi ) = 0, (43)

∂

∂t
ρ+∇igi = 0, (44)

∂

∂t
gi +∇j(givj + pδij + σthij + σij) = 0, (45)

∂

∂t
σ +∇i(σvi + jσi ) =

2R

T
, (46)

ρ

(
∂

∂t
+ vj∇j

)
c+∇ijci = 0, (47)(

∂

∂t
+ vj∇j

)
M +XM = 0, (48)(

∂

∂t
+ vj∇j

)
mi − εijkωjmk +Xm

i = 0, (49)(
∂

∂t
+ vj∇j

)
Ω−miωi + Z = 0, (50)(

∂

∂t
+ vj∇j

)
ni − εijkωjnk + Y ni = 0, (51)

with the vorticity ωi = (1/2)εijk∇jvk and the pressure p.
The vorticity contributions are due to the fact that mi and ni
transform under spatial rotations as a vector, and Ω as a spe-
cial component of a vector [32]. These terms ensure that only
those rotations enter hydrodynamics that go beyond the global
rotation (e.g., of the coordinate system).

In Eq. (45) we have explicitly written down the non-
phenomenological part of the stress tensor, σthij , which is given
by

σthij =
1

2
(mih

m
j −mjh

m
i ) + Ψm

kj∇imk + ΨΩ
j ∇iΩ

− hΩεijkmk +
1

2
(nih

n
j − njhni ) + Φnkj∇ink. (52)

Using the condition of a rotational invariant free energy, Eq.
(11), it can be brought into the form, [67]

2σthij =Ψm
kj∇imk + Ψm

ki∇jmk + ΨΩ
j ∇iΩ + ΨΩ

i ∇jΩ
+ Φnki∇jnk + Φnkj∇ink
+∇k(mjΨ

m
ik −miΨ

m
jk + njΦ

n
ik − niΦnjk) (53)

that guarantees angular momentum conservation [65].
The source term in the dynamic evolution equation for

the entropy density, Eq. (46), is proportional to the dissi-
pation function R representing (half of) the rate at which
the heat is transferred to the microscopic degrees of free-
dom. The second law of thermodynamics requires R > 0
for dissipative processes, while R = 0 holds for the re-
versible parts of the currents, in which case Eq. (46) is a
conservation law. Splitting the phenomenological currents
(jfi , σij , j

σ
i , j

c
i , X

M , Xm
i , Z, Y

n
i ) into the dissipative part (su-

perscript D) and the reversible one (superscript R) the Gibbs
relation Eq. (9) then leads to the condition

2R = −∇ijfDi − jσDi ∇iT − jcDi ∇iµc − σDijAij (54)

+XMDhM +XmD
i hmi + ZDhΩ + Y nDi hnDi > 0

for dissipative processes, where only the symmetrized veloc-
ity gradient 2Aij ≡ ∇ivj + ∇jvi enters, in order to prevent
solid body rotations to produce entropy. For reversible cur-
rents, the condition

−∇ijfRi − jσRi ∇iT − jcRi ∇iµc − σRijAij (55)

+XMRhM +XmR
i hmi + ZRhΩ + Y nRi hnRi = 0

applies. Possible pure divergence contributions (surface
terms) are put into jfi , but are not needed in the following.
The various transport contributions in the time derivatives
of Eqs. (43)-(50) are all reversible. Their zero entropy pro-
duction is ensured by the non-phenomenological parts of the
stress tensor σthij and by the pressure p.

A current is reversible, if it transforms under time-reversal
in the same way as the time derivative of the appropriate vari-
able, while the dissipative part of a current has the opposite
time-reversal behavior. In the following we will discuss the
dissipative and reversible dynamics separately.

To derive the dissipative parts of the phenomenological cur-
rents one first writes the dissipation function as a positive
quadratic form in the thermodynamic forces taking into ac-
count that R has to be a time-reversal symmetric, scalar quan-
tity. By taking the variational derivative of this function with
respect to the chosen thermodynamic force one gets the cor-
responding dissipative current.
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B. Dissipation function and dissipative currents

The dissipation function reads

R =
1

2
κij(∇iT )(∇jT ) +

1

2
Dij(∇iµc)(∇jµc) +DT

ij(∇iT )(∇jµc) +
1

2
νDijklAijAkl +

1

2
bDijh

m
i h

m
j +

1

2
bMhMhM

+
1

2
bΩhΩhΩ +

1

2γ1
hni δ

⊥
ijh

n
j + τijAijh

Ω + cMij Aijh
M + χDijh

m
j h

n
i + cDijkAjkh

m
i + λDijkAjkh

n
i + Γ

(2)
ijkAij∇kT

+Γ
(3)
ijkAij∇kµc + TijkMj(ψ̃

TD∇kT + ψ̃cD∇kµ)hmi + Tijknjδ
⊥
iq(ψ

TD∇kT + ψcD∇kµ)hnq (56)

and the dissipative parts of the currents are

jσDi = −κij∇jT −DT
ij∇jµc − ψ̃TDMjTkjih

m
k − ψTDnjδ⊥kqTkjihnq − Γ

(2)
kjiAkj , (57)

jcDi = −Dij∇jµc −DT
ji∇jT − ψ̃cDMjTkjih

m
k − ψcDnjδ⊥kqTkjihnq − Γ

(3)
kjiAkj , (58)

σDij = −νDijklAkl − cDkjihmk − cMij hM − τijhΩ − Γ
(2)
ijk∇kT − Γ

(3)
ijk∇kµc − λ

D
kijh

n
k , (59)

XmD
i = bD⊥δ

⊥
ijh

m
j + cDijkAjk + χDjih

n
i +MjTijk(ψ̃TD∇kT + ψ̃cD∇kµc), (60)

XMD = bMhM + cMij Aij , (61)

ZD = bΩhΩ + τijAij , (62)

Y nDi =
1

γ1
δ⊥ijh

n
j + χDijh

m
j + λDijkAjk + Tqjknjδ

⊥
iq(ψ

TD∇kT + ψcD∇kµ) (63)

where the tensors κij , Dij , D
T
ij and bDij are of the usual uniaxial form

ζDij = ζD1 δ
⊥
ij + ζD2 ninj . (64)

while the others read

Γ
(2)
ijk = ΓD21εkprTijpMr + ΓD22(εiprTkjpMr + εjprTkipMr) (65)

Γ
(3)
ijk = ΓD31εkprTijpMr + ΓD32(εiprTkjpMr + εjprTkipMr) (66)

νDijkl = ν1δ
⊥
ijδ
⊥
kl + ν2(δ⊥jlδ

⊥
ik + δ⊥il δ

⊥
jk) + ν3ninjnknl + ν4(δ⊥ijnknl + δ⊥klninj)

+ν5(δ⊥iknjnl + δ⊥jkninl + δ⊥ilnjnk + δ⊥jlnink) + ν6npnqTijpTklq (67)

cDijk = cD1 (εimknj + εimjnk)nm (68)
τij = τ(niMj + njMi) (69)

cMij = cD2 (εirsTjpr + εjrsTipr)MkTkps (70)

χDij = χD2 δ
tr
ijMknk (71)

λDijk = λD1 δ
tr
iq (εpjqMpnk + εpkqMpnj) + λD2 np (Mjεipk +Mkεipj) + λD3 Mqnqnp (njεipk + nkεipj) (72)

C. Reversible currents

The reversible parts of the currents do not follow from any
potential, but can be derived by requiring that the entropy pro-
duction R in Eq. (54) is zero

jσRi = −κRij∇jT −DTR
ij ∇jµc + ψTijh

m
j

+ΓTkjiAjk + ξTnij h
n
j (73)

jcRi = −DR
ij∇jµc +DTR

ij ∇jT + ψcijh
m
j

+ΓckjiAjk + ξcnij h
n
j (74)

σRij = −1

2
λkjih

n
k − νRijklAkl − cRkijhmk − cRijhM

−ΓTijk∇kT − Γcijk∇kµc − τRijhΩ (75)

XmR
i = bRijh

m
j − cRijkAjk + ψTji∇jT

+ψcji∇jµc + χR(n× hn)i (76)

XMR = −cRijAij (77)

ZR = −τRijAij (78)

Y nRi = (γ−1
1 )Rijh

n
j + λijkAjk

+ξTnji ∇jT + ξcnji ∇jc+ χR(n× hm)i (79)
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where the tensors κRij , D
TR
ij , DR

ij , b
R
ij and (γ−1

1 )ij are all of the
form

κRij = κR1 εijkMk + κR2 εijknknpMp (80)

and the other tensors read

ψc,Tij = ψc,T εiprTjpknknr (81)

cRijk = cR1 (Mjδ
⊥
ik +Mkδ

⊥
ij), (82)

cRij = cR⊥δ
⊥
ij + cR‖ ninj (83)

τRij = τR(εirsTjpr + εjrsTipr)nkTkps (84)

ξTnij = ξTnMknrεiprTjpk (85)
ξcnij = ξcnMknrεiprTjpk (86)

λijk = λ(δ⊥ijnk + δ⊥iknj) (87)

ΓT,ckji = Tqjk(ΓTR,cR1 δ⊥qi + ΓTR,cR2 nqni) (88)

It is straightforward to check that there is no linearly in-
dependent reversible coupling of ni and mi containing Tijk
quadratically in addition to the contribution ∼ χR. We note
that ξTnij and ξcnij are odd under parity, time-reversal and
n→ −n symmetry. This type of coupling has not been given
before and its possible experimental consequences will be dis-
cussed in the next section.

The reversible analog of the viscosity tensor has five com-
ponents

νRijkl = νR1 [εikpnjnl + εilpnjnk (89)
+εjlpnink + εjkpninl]npnmMm

+νR2 [εikpnjnl + εilpnjnk

+εjlpnink + εjkpninl]Mp

+νR3 [εikpδjl + εilpδjk + εjlpδik + εjkpδil]npnmMm

+νR4 [εikpδjl + εilpδjk + εjlpδik + εjkpδil]Mp

+νR5 [εikp(Mjnl +Mlnj) + εilp(Mjnk +Mknj)

+εjlp(Mink +Mkni) + εjkp(Minl +Mlni)]np

This fourth order tensor is antisymmetric in the exchange of
the first pair of indices with the second one, thus guaranteeing
zero entropy production.

Due to the presence of a tetrahedral order parameter one
has dissipative dynamic cross-couplings of the temperature
and the concentration gradients with the magnetization or the
director field. This is in principle also possible in the ferro-
magnetic cholesteric phase.

If one applies a temperature or a concentration gradient to
the sample of a tetrahedral ferromagnetic nematic phase, one
can induce flow via both the dissipative and reversible cur-
rents.

V. SUGGESTIONS FOR EXPERIMENTS

In this section we discuss various experimental set-ups that
can reveal selected static and dynamic cross-coupling effects
due to the presence of tetrahedral order in ferromagnetic ne-
matics.

A. Ambidextrous helical domains

In Sec. III we already briefly discussed the linear gradient
energy

flin = ξMTijkMi(∇jmk) + ξnTijkni(∇jnk). (90)

We note that these two terms can only arise for a system
with broken parity. In addition, ξM and ξn can have either
sign, since they are linear gradient terms. To study their con-
sequences we perform an analysis, which closely resembles
that for D2d nematics given in Ref.[14]. That is we look for
a helical state, which has lower energy than the homogeneous
state. As a result of this analysis we obtain an energy reduc-
tion due to the two linear gradient terms, which takes the form

∆f =
8

27
T 2

0

(ξn + ξMM0)2

K2 +Km
2

. (91)

which yields for the helical wave vector

q0 = − 4

3
√

3
T0

(ξn + ξMM0)

K2 +Km
2

. (92)

We point out that the cross-coupling term ∼ Kmn between
gradients of the director and the magnetization does not enter
the picture, since the components of the director and the mag-
netization along the helical axis are zero. From Eqs.(91) and
(92) two important conclusions follow immediately. First of
all the system can gain energy by generating a helical state.
Surely the system will also generate defects, which cost en-
ergy. Provided the helical domains obtained are large enough
this result leads to a straightforward way to detect the presence
of octupolar order in a ferromagnetic nematic: the optical ob-
servation of domains of opposite handedness. The other con-
clusion is closely tied to the fact that we have two linear gradi-
ent terms. The sign and magnitudes of ξn and ξM are material
properties that are fixed. In the case in which the signs of ξn

and ξM are opposite, but their magnitude is comparable, the
expectation is to have a small value of the net wave vector or
a large wavelength for the ambidextrous helical domains.

B. Temperature gradients can drive reversible director
rotations

As a reversible cross-coupling term characteristic of ferro-
magnetic nematics with octupolar order we consider coupling
terms involving temperature, concentration and the director
field. For heat and concentration currents we get a coupling to
the molecular field of the director (compare IV C):

jσRi = · · ·+ ξTnij h
n
j (93)

jcRi = · · ·+ ξcnij h
n
j (94)

or, explicitly for σ and for mi ‖ ẑ and ni ‖ ẑ:

jσRx = · · ·+ ξTnM0T̃0h
n
x (95)



042703.9

jσRy = · · · − ξTnM0T̃0h
n
y (96)

jσRz = · · ·+ 0 (97)

where T̃0 = 4
3
√

3
T0.

From inspection of Eqs. (85) and (86) we see that the cross-
coupling ∼ ξTnij and ∼ ξcnij is linear in M, Tijk and n. Thus
the coupling is mediated by making use of the odd behav-
ior under parity and time reversal of the ground state. And
the physics is quite apparent: director rotations drive heat and
concentration currents without generating entropy.

As a complement we find that temperature gradients and
concentration gradients applied externally generate director
rotations

ṅi ∼ Y nRi = · · ·+ ξTnji ∇jT + ξcnji ∇jc (98)

or, explicitly for mi ‖ ẑ and ni ‖ ẑ:

Y nRx = · · ·+ ξTnM0T̃0∇xT + ξcnM0T̃0∇xc (99)

Y nRy = · · · − ξTnM0T̃0∇yT − ξcnM0T̃0∇yc (100)

Y nRz = · · ·+ 0 (101)

C. Magnetization rotations can drive heat currents

Here we present an example of a dissipative effect, which
requires a magnetization as well as tetrahedral order. From
Sec. IV B we have for the parts of the heat and concentration
current coupling to magnetization rotations

jσDi = · · · − ψ̃TDMjTkjih
m
k (102)

jcDi = · · · − ψ̃cDMjTkjih
m
k (103)

or, explicitly for the concentration c and formi ‖ ẑ and ni ‖ ẑ:

jcDx = · · · − ψ̃cDM0T̃0h
m
y (104)

jcDy = · · · − ψ̃cDM0T̃0h
m
x (105)

jcDz = · · ·+ 0 (106)

Inspecting Eqs. (102) and (103) we see that heat currents
as well as concentration currents are induced by rotations of
the magnetization for ferromagnetic nematics with tetrahedral
order, since such a rather unique system breaks both, time-
reversal and parity symmetry. Conversely temperature gradi-

ents as well as concentration gradients drive the dynamics of
the magnetization via

ṁi ∼ XmD
i = · · ·+MjTijk(ψ̃TD∇kT + ψ̃cD∇kµc) (107)

or, explicitly for mi ‖ ẑ and ni ‖ ẑ:

XmD
x = · · ·+M0T̃0(ψ̃TD∇yT + ψ̃cD∇yµc) (108)

XmD
y = · · ·+M0T̃0(ψ̃TD∇xT + ψ̃cD∇xµc) (109)

XmD
z = · · ·+ 0 (110)

VI. SUMMARY AND PERSPECTIVE

In this paper we have analyzed how the macroscopic prop-
erties of ferromagnetic nematic liquid crystals are influenced
by the presence of parity breaking octupolar order. It turns
out that many additional cross-coupling terms arise in statics
and dynamics, since now one has a ground state that breaks
both, time-reversal and inversion symmetry. Clearly the hall-
mark for the presence of octupolar order will be the detec-
tion of chiral domains of both hands in a ferromagnetic ne-
matic compound composed of nonchiral molecules: ambidex-
trous helicity. Since there are two linear gradient terms in the
system investigated here, one associated with the nematic di-
rector and one associated with ferromagnetic order, one can
tune the helical pitch by changing the magnitude of the spon-
taneous magnetization, M0.

As a perspective it will be most interesting to investigate
how tetrahedral order will influence ferromagnetic cholesteric
liquid crystals, since in such a system parity symmetry break-
ing is achieved by two different mechanisms: a pseudoscalar
quantity associated with the chirality of the molecules of at
least one of the constituents as well as with octupolar order.
Such a system represents also a challenge for its mathemati-
cal description in three spatial dimensions, when both parity
breaking mechanisms are at work.
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