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We present a method to find the adjoint system of equations and the corresponding boundary conditions for
free deformable surfaces. Motivated by the nonlinear discussion of the Rosensweig instability in ferrogels
using the energy method, we treat the surface as dynamic and take the stationary limit only in the very end.
We analyze the adjoint system of dynamic equations together with its corresponding boundary conditions and
present as a solution the adjoint eigenvectors for the Rosensweig instability. The method is also applied to
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I. INTRODUCTION

One prominent example of a surface phenomenon is the
normal-field or Rosensweig instability in magnetic fluids'.
Magnetic fluids are colloidal suspensions of ferromagnetic
nanoparticles in a carrier liquid®. If an external magnetic field,
applied perpendicularly to the free surface of a magnetic fluid,
exceeds a certain critical value, the initially flat surface be-
comes unstable in favor of a stationary pattern of hexagonal
surface spikes in two dimensions. The same kind of instability
occurs, when the properties of a magnetic fluid are combined
with those of a polymeric gel to form a ferrogel. However, the
critical magnetization of the ferrogel is enhanced by the shear
modulus of the elastic network>.

In the case of usual ferrofluids, the instability has been
carefully studied experimentally*, a satisfying theoretical
description in terms of a multiple scale analysis as done
for the Rayleigh-Bénard instability® is, however, not yet
available. Early weakly nonlinear discussions®’ used an
energy minimizing method, that was valid only in the case
of a vanishing magnetic susceptibility. Later on this method
was extended to magnetic fluids with a finite but still small
magnetic susceptibility® and to magnetic gels’. Nevertheless,
this method, as well as the functional analysis method used
by Twombly and Thomas'® and Silber and Knobloch!!, is
only valid in the static regime and gives no information
about the growth of the surface perturbations towards a
final static pattern and furthermore neglect any dissipative
processes that might be of importance during the growth of
surface spikes. The dynamics of walls between hexagonal
and square patterns has been analyzed first in Refs. 12, 13
using a Swift-Hohenberg equation. However, a multiple scale
analysis based on the fundamental hydrodynamic equations is
still missing. Malik and Singh'*!3 applied an e—expansion to
the hydrodynamic equations, where e denotes the difference
between the actual applied magnetic field and the critical one.
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They circumvented Fredholm’s theorem and, even more im-
portantly, they restricted the discussion to potential flows only.
Lange'S first mentioned that the adjoint system of the lin-
ear fundamental equations and especially the corresponding
boundary conditions required to use Fredholm’s theorem is
still missing in the case of the Rosensweig instability. How-
ever, the use of a scalar product, introduced for the Marangoni
instability!” provided the free surface is undeformable, did not
yield the adjoint system.

The Marangoni instability is another prominent example of
a surface tension driven instability. If a temperature gradi-
ent is applied to a layer of a fluid with a free surface, the
conducting state becomes unstable beyond a certain critical
temperature gradient when heating is done from below and
convection starts. For thick layers the instability is driven by
buoyancy (classical Rayleigh-Bénard convection), but if the
layer is smaller than about 1mm, Pearson'8 proposed fluctua-
tions of the surface tension, due to temperature fluctuations at
the free surface, being the mechanism driving the convection.

This instability was investigated extensively theoretically.
Nield' first compared linearly the competition between the
buoyancy and the surface tension driven instability, but both,
Pearson and Nield, still considered a flat, undeformable sur-
face. Scriven and Sternling?® and later on Smith?!' accounted
for a free deformable surface. In Ref. 20 capillary effects
have been considered, but an always unstable conducting
regime was obtained due to missing gravitational contribu-
tions. Smith discussed a layer model, a light fluid above a
heavier one. But a comprehensive linear study was first given
by Takashima®>??, who also discussed the possibility of an os-
cillatory branch that could arise for negative Marangoni num-
bers. Pérez-Garcia and Carneiro** generalized this approach
to the combination of both, surface driven and bouyancy
driven convection, which matches the results of Takashima
in the limit of negligible buoyancy forces. This nonlinear the-
oretical discussion assumed a flat, undeformable surface as
did all the other approaches. For example, Rosenblat ef al.
discussed the nonlinear regime in a cylindrical container? in



terms of an extended Galerkin method where no adjoint sys-
tem was used. This discussion was later on extended to rect-
angular vessels?®?’. The case of a horizontally infinite layer
of fluid was studied in Refs. 17, 28. In Ref. 29 a two layer
model was considered, where the adjoint system was derived
using the ansatz of!” provided the surface is flat. An adjoint
system, based on the fact that the surface is deformable, is
therefore also in the case of the Bénard-Marangoni instability
highly desirable.

In this work we present a method to find the adjoint operator
and its corresponding adjoint boundary conditions taking into
account the deformations of a free surface. First we discuss
the case of a magnetic gel in an external magnetic field. Later
on we will apply that method to the case of Bénard-Marangoni
convection in usual fluids.

II. SURFACE WAVES

The general idea of our approach is to treat the surface as
dynamic with surface waves propagating on the free surface,
as long as the magnetic field — or the temperature gradient
in the case of convection — is below its critical value. We
can distinguish the limiting cases of capillary waves for very
short wavelengths, gravitational waves for rather long wave-
lengths and Rayleigh elastic waves in the intermediate regime
and only in the case of gels. Furthermore, below the critical
point of the instability, all of these waves are damped, but get
excited again by thermal agitation. When reaching the critical
value of the control parameter, the damping of one charac-
teristic mode becomes weak and finally vanishes exactly at
the critical point. In the stationary case this coincides with
the slowing down of this particular mode, so that the initially
traveling waves transform into a static pattern. This process
can be seen by inspection of the dispersion relation, e.g. in
Ref. 2 in case of pure ferrofluids.

As a consequence of this, we assume the entire linear prob-
lem to be time dependent from the beginning. Only in the
end of the discussion we will, based on the discussion of the
dispersion relation, take the stationary limit of the system.

III. BASIC EQUATIONS AND GROUND STATE

The dynamic equations have already been given in our lin-
ear discussion of the Rosensweig instability. They have been
derived for the general case by Jarkova et al.’° and are re-
peated here using some approximations discussed below

Osgi + 0; T = pG; (1

1
(at + Ukak>6ij — 5 (&-vj + aj’l)i) =0 (2)
6t,0+ak(pvk) =0 3)

The equations describe the conservation of linear momentum
g = pv (1) and of mass p (3), whereas eq. (2) accounts for
the dynamic strain field which is related to the broken trans-
lational symmetry of the system. An index ¢ denotes the ith

FIG. 1: Qualitative sketch of the geometry under consideration. The
magnetic medium is occupying the negative half-space. The deflec-
tion of the deformable surface with respect to the flat surface at z = 0
is denoted by & with its unit normal vector n pointing upwards. The
applied magnetic field is always parallel to the z—axis, while the
acceleration due to gravity G is acting in the opposite direction.

component of a vector with the sum convention applied to re-
peated indices. Here 0; and O; are partial derivatives with
respect to time and space, respectively.

In our notation v is the velocity, p the pressure, G repre-
sents the acceleration due to gravity, B and H are the mag-
netic induction and the magnetic field, respectively, and the
symmetric second rank tensors T;; and ¢;; denote the stress
tensor and the strain field, respectively. We do not make at this
stage the incompressibility approximation in order to maintain
the symmetric structure of the Navier-Stokes equation which
turns out to be necessary for the adjoining process. Only at
the end we will simplify the formulas by assuming incom-
pressibility.

The underlying assumptions are as follows. Even though
the magnetic field is considered a slowly relaxing variable in
the hydrodynamic theory of Jarkova et al., we assume that it
relaxes fast enough on the time scale considered in our dis-
cussion for the Rosensweig instability. This is justified by the
fact, that the growth of surface spikes takes place on a time
scale long compared to the temporal variations of the mag-
netic field. The magnetic field is then defined by the static
Maxwell equations and the corresponding boundary condi-
tions at the surface. We also assume, that the macroscopic
material parameters like the shear modulus and the shear vis-
cosity are independent of the magnetization in the medium.
This also implies that we will neglect magnetostriction in our
discussions.

As long as we consider the medium as compressible, we
need an equation of state. Due to the assumption, that no
magnetostrictive effects are important in our discussion, this
equation of state can be assumed to be the barotropic equation

op = op “4)

with the speed of sound c. As Jarkova et al. stated in®,
the modification of the speed of sound and especially the
anisotropy effect in presence of an external magnetic field is
proportional to the magnetostrictive constants and therefore of
no importance in our discussion.

The stress tensor of the medium is defined via the conserva-
tion equation for the momentum density (1) and given in our



notation by

1
Tij = givj +pdi; — (BiHj — §Bka- bij)
—p2(€jkeri + €inery) — flexk€ij — 2p2€i;
—[10;j€pr — v2(05v; + Ojv;) — D0;;0kv (S)

with the abbreviations i = 1 — 2/3 g and v = v1 — 2/3 19
for the contributions vanishing in the limit of incompressibil-
ity, while the material parameters 5 and v» stand for the shear
elasticity and shear viscosity respectively. The compressional
elasticity 1 and viscosity v, are hidden in the abbreviations
frand D.

We consider the case of an infinitelly extended surface, ini-
tially situated at z = 0. For convenience the magnetic medium
is filling the negative half-space whereas the vaccum is as-
sumed to occupy the positive one; the gravitational force is
assumed to point downwards. The applied magnetic field is
oriented parallel to the z—axis (cf. Fig. 1).

To find the adjoint system of equations with its correspond-
ing boundary conditions to the linear problem, we linearize
Egs. (1) to (3) with respect to the initially flat surface.

{papaB7H7M} = {pOapOaBOaHO)MO}
—|—{p(1),p(1),B(l),H(l),M(l)} (6)

{v,eij, €} = 0+ (v, D 0y 7)

We will drop, however, the superscript (1) in the following
calculation. In our notation £ describes the deflection of the
surface from its initially flat state (cf. Fig. 1). The observables
Do, po, Bo, Hy and M are, respectively, the pressure, the
density, the magnetic flux density, the magnetic field and the
magnetization in the basic state where the surface is flat. They
are related by the hydrostatic pressure relation.

IV. THE LINEAR EQUATIONS AND THE ADJOINT
SYSTEM

When writing down the system of equations in linear order,
we recall the fact already stated in® that the magnetic contri-
butions cancel in the dynamic equations within the scope of
the considered assumptions:

poatvi + &-p - ﬁc’?if}'kvk — 1/25‘j (8¢”Uj + 8j’l)i)
—f0iexk — 2p205€i5 = 0 (8)
1
8t€ij — 7(8in + ajvi) =0

2
Ocp + po0iv; 0 (10)

The corresponding boundary conditions using the stress bal-
ance at the surface read in linear order

H2€z 2 + V2<azvx + aﬁvvz) =0 (1 1)

Ho€ys +12(0.vy + 0yv;) = 0 (12)
D — 2U2€,, — 2020,V — fi€;; — DOv;
Gt + —HO M2ke — ok = 0 (13)

1+ po/p
while for a free deformable surface we additionally have to

fulfill the kinematic boundary condition
v, = O (14)

As stated already in Sec. II, the surface is subject to thermal
fluctuations that we will expand in terms of plane waves with
frequency w and wave vector k, £ = £e'wt—ikT,

The system of dynamic equations in the medium can be
written in terms of an eleven dimensional state vector, that we
will define in the following way

d = (vmavy7vzap7€$ﬂc7eyy762236$y76x276y27p) (15)

We will skip the discussion of the magnetic part of the system
of equations. This part completely decouples from the dy-
namic part of the medium as stated above and reduces within
our assumptions to the Laplace equation for the magnetic po-
tential. The Laplace equation is self-adjoint and a homoge-
nous equation. Therefore Fredholm’s alternative is satisfied
automatically.

Using the definition given above we can write the system of
linear equations (8) to (9) together with the equation of state
of the medium (4) in the following form, which can be taken
to be the definition for the linear operator L.

Lo® = 0 (16)

To find the adjoint operator ﬁg, and especially the adjoint
boundary conditions, we use the following identity with ® de-
noting the adjoint state

(D] Lo®) = (LiD | D) 17

The left hand side of this equation corresponds to the follow-
ing integral using the standard scalar product, which we have
to integrate by parts,
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This leads to the adjoint linear operator L = B D with the abbreviations (19)
—p@t — 1/282»2 — (19 + 1/2)83 —1989563, — I/Qayam —1989582 — 1/282896 —8z + %(amp(])
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[
9 0 0 30, 30. 0 0 While integrating eq. (18) by parts, one also obtains sur-
04,0 La, o g, o face contributions, which have to vanish to fulfill eq. (17).
C = L 1 (22)  The most important parts are the contributions due to the
0 0 0. 20 30y 0 z—integration. At the bottom (z = —o0) they are always
0 0 0 0 0 —Lg, 0, since the eigenvectors of the linear system exponentially
PO decay with increasing depth. The condition, that they should
P also vanish at the surface, defines the adjoint boundary condi-
¢ 0.0 000 0 tions at the free surface. At this point we can just state that the
090, 00 00 O following sum should vanish
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00000 0 <9
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Using the two tangential boundary conditions of the original
system (11,12) those contributions in (24) vanish that are pro-
portional to v,, or . Using the normal stress boundary con-
dition (13) in the second last term of (24), we implement the
gravitational, the surface tension and the magnetic contribu-
tions into the adjoint boundary conditions. This also ensures
the presence of the driving force in the boundary conditions of
the adjoint system. With the help of the kinematic boundary
condition in the original case (14), which reduces to v, = iw¢,
we can then substitute v, ending up with the necessary condi-
tion at the surface

1
Vg (120,05 + 20,7, — 5Em) + vy (1200, + 120y,

MOMO2 - 2- I
—— kv, + 0k“v, + iwp
1+ po/p

DT + 2iwrsd,T, — iwgzz) —0 (25)

1
_§€yz) + g(GpOEZ -

We can split this condition into three separate parts. This
choice is suggested by the fact, that within the scalar prod-
uct we used, the velocities v, and v, are independent com-
ponents. We therefore find as boundary conditions at the free
surface in the adjoint case

190,V + 00,0, — 1/2€,, = 0 (26)
20,0y + 120y0, —1/2&,, = 0 (27)
1o Mg

1+ po/p
+iwD O Uy, + 2iwve 0,0, —

Gpot, — kv, + ok?0, + iwp

TWE 0 (28
The horizontal boundary conditions originating from the hor-
izontal integrations are satisfied automatically, since we take
the limit of an infinitely extended layer. The only additional
condition we get is due to the time integration, but this is not
important in the limit of a stationary instability we will dis-
cuss in the following, but it should be taken into account if
one handles oscillatory instabilities, e.g. the Faraday instabil-
ity.

At this point we restrict our calculations to an incompress-
ible medium assuming 0;9; = 0 = €;;. The adjoint system of
equations, Lgfﬁ = 0, then reads

1
—p@tﬁi — 0;p — l/gajaj@,‘ + 5(81@ + Bjeij) =0 (29

1
—8,551']' + 2,&2(81‘1_1]' + 811_1L)(1 — §6ﬂ) =0 30)

0;v; =0 €29

where underlined indices are not summed upon. Their struc-
ture is similar to those of the original equations.

Following the same approach as for the original linear sys-
tem, namely using the dynamic equations for the strain field
in the momentum conservation equation, we get as a first step

po’v; — iwdip + p(w)0; (0,0 + 0;0;) = 0 (32)

where we used the abbreviation (&) = ps — iwre. We will
separate the velocity field into two parts. One due to poten-
tial flow and the second due to vorticity flow. Fulfilling the
dynamic bulk equations, we obtain the inverse decay length
q® = k?* — pw?/u(w) for the vorticity flow with respect to
the z—axis. The solvability condition for the adjoint bound-
ary conditions then leads to the dispersion relation for surface

waves in the adjoint system.

@?p (2k2u(®) - G)Qp)

- w froM¢ 2 N

+w? [—(G —k+ak>k+2 wk}
1o\ T /i (@)

72

(2R (@) (1 —J1- ME:)’;?) =0 (34)

Eq. (34) reduces to the original dispersion relation® if
w = —w. This is the physical solution, since the adjoint space
acquires an easy and obvious physical interpretation: Consid-
ering the surface in its general form with left and right trav-
eling waves and the corresponding adjoint surface deflection
using the solution given above

g _ éReiwtfikT + éLefiwtfik-r + e (35)
£ = ERei@tfikr JrgLefimﬂ'k-r + e
— éRefiwtfikT _|_éLeiwt7ik-r ¥ e (36)

(c.c. is the complex conjugate) we recognize by comparing
equations (35) and (36), that a right traveling wave transforms
into a left traveling wave in the adjoint system and vice versa,
leading to the conditions:

ER =&, and gL =¢ér 37

V. ADJOINT EIGENVECTORS FOR THE ROSENSWEIG
INSTABILITY

Up to now all calculations have been performed without
giving an explicit expression for the kinematic boundary con-
dition at the surface in the adjoint system. To calculate the
adjoint eigenvectors we have to specify that condition. How-
ever, it cannot be obtained by integrating by parts, since it is
of a completely different type compared to the boundary con-
ditions (11) to (13). While the former ones are derived using
the stress balance at the surface, the kinematic boundary con-
dition is phenomenological in nature. For surface waves in
the adjoint space we therefore require a kinematic boundary
condition of exactly the same structure as in the original case.

vz(w) = 0(w) = iws(w) (38)
0,(@0) = 0;£(®) = iwé(w) (39)

Following the same way to calculate the eigenvectors as in
the case of the original system’, we get for the amplitudes of



the vorticity flow potential (recall ¢ = k2 —p? /(g —iwrs))

= ) 2k <
= . 2k =
v, = —zkmiq2 i 7k (41)
and of the scalar potential
=2 2
= .. q + k
= W-—F—s—5v 42

where ¥; denote the components of the vector potential of the
velocity defined by the rotational part of flow v = V x
W. The scalar potential @ is connected to the potential flow
vPol = V.

The components of the adjoint velocities then become sim-
ilar to the ones known from the original system, and — as in
the original system — they vanish in the case of a stationary
instability

Ty = w% (e’“z —~ qukm 52) Z_z J: :25 43)

3, = @% (ek,z _ qukzkz ezjz) Z_z i‘ Zzg (44)

v, = iw (ekz - qfiQ e‘?Z) ;fz f :zé 45)

For the adjoint strain field we get

e = sk (e q_ff’“kz ”) Zz e ae
foo = 2#2% (e - qukkg ) Zj i Zzg “7)
Eyy = 2/12];5 (ekz - qu_ka eqz> ;i i_ Zzg (48)
ey = 41#2% (ekz _ quj—ka e<jz> Z_z i‘ Zzg (49)
Cow = —dipizh, (e — ) gi - ’,jis (50)
€yr = —dipok, (ekz - eqz> Zz i_ sz_ (51)

Obviously the adjoint strain components have the same struc-
ture as the components in the original case and they also show
a finite stationary limit. However, they do not have the same
units. While the strain field in the original case is dimension-
less, the adjoint strain field is proportional to the shear modu-
lus po. This is consistent with the scalar product (18), where
all contributions need to have the same dimension. One could
avoid the dimension of the adjoint strain field by defining a
scalar product with a metric containing units in the fifth to the
tenth component.

The reasons why previous attempts to solve the adjoint
problem have failed are, in our opinion, twofold. One crucial
part in our discussion is to treat the medium as compressible.

FIG. 2: Qualitative sketch of the geometry under consideration in the
case of pure Marangoni convection. The fluid is confined between
the rigid surface at z = 0 and the deformable surface initially at
z = d. The deflection of the deformable surface with respect to the
flat surface is denoted by & with its unit normal vector n pointing
upwards. The applied temperature gradient is always parallel, the
acceleration due to gravity G always antiparallel to the z axis.

This ensures e.g. the presence of the contribution ~ 0;0;v;
in the Navier-Stokes equation. During the process of adjoin-
ing, commutativity of gradients in this term requires that the
surface terms ~ v;0;v; and ~ v;0;v; are equivalent, which
would be violated if incompressibility is applied before. The
assumption of an incompressible fluid is therefore too strong
a restriction. An even more important point is to treat the sys-
tem as a dynamic one. The subtle reason for that is manifest
in the dynamic boundary condition of the surface deflection.
Assuming stationarity from the beginning would imply an al-
ways undeformed surface because the vertical velocity at the
surface would vanish in any case. However, this velocity com-
ponent needs to be finite to allow the surface to deform. The
marginal point where the spikes are about to develop (or the
final point where the spikes have fully developed) are then ob-
tained as the static limit w — 0 of the full dynamic behavior.

VI. THE ADJOINT PROBLEM FOR THE MARANGONI
INSTABILITY

Inspired by the result in the case of the Rosensweig insta-
bility, we apply the same formalism to the case of stationary
Marangoni convection to find the adjoint system of equations
for this case as well. However, there exists a crucial difference
between these two instabilities. While in the case of magnetic
fluids the external force acts normal to the free surface, in the
case of Marangoni convection the external force is acting tan-
gential to the surface (see Fig. 2). This external force for the
Marangoni instability is mediated by temperature fluctuations.
The surface tension o is therefore assumed to be temperature
dependent and reads in a series expansion up to linear order in
T

o(T) = o(Tr) —y(T = Tkr) (52)

with the change in surface tension due to temperature fluctu-
ations v = —(9o(T") /0T ) 7=, and where Tg represents an
arbitrary reference temperature. For the following discussion
we will refer to o(Tg) as o.



A. Basic equations and the adjoint system

To find the adjoint system for the purely surface driven con-
vection, the Marangoni instability, we assume a viscous New-
tonian fluid. As done in the case of the Rosensweig instability,
we assume it to be compressible with a barotropic equation of
state at the beginning, but in the end we will again use the limit
of an incompressible fluid. Additionally we have to incorpo-
rate the equation of heat transport with the temperature 7" and
the thermal diffusivity x. All the other variables are denoted
in the same way as in the previous discussion. As we want to
discuss the purely surface driven contribution of convection,
all contributions due to buoyancy are neglected. The system
of equations thus reads

Oip+ Ok(pvr) = 0 (53)
Ogi + 05Ty = pG; (54
8tT+vj8jT e XﬁjﬁjT (55)

The stress tensor T;; of the fluid under consideration takes the
form

Ti' = V;9; + péij — Vg(ajvi + (‘)ivj) — D(@kvk)dij (56)

We require the normal as well as the tangential stress at the
free surface between the Newtonian fluid and the vacuum to
be balanced, leading to the normal and tangential boundary
conditions, respectively

p — poGE — 2190,v, — D(Opvy) = —a (0% + 5‘3)5 (57)
Vo (Oyv, + 0,vy) = —y0,T + vBI,E (58)
VQ(awvz + azva:) = _'yazT + ’Yﬁawf (59)

J

—pOy — 1202 — (U + 12) 02
—00y 0y — 20,0y
—00,0, — 120,50,

— 50,0, — 120,04
—p@t — Vgaf — (ﬁ + Vg)ag
— 0.0, — v50,0.

—0, ~0,
0 0
0 0

The surface contributions of the integration by parts should
vanish to fulfill eq. (17) leading to the corresponding bound-
ary conditions in the adjoint case.

2iwvy0, 0, + iwd (O Uy) + iwp + pGo, + ok*v, = 0 (65)
Uy (—iky)T(2) — 0,7B(—iks)

+0,(2)12(0,0, + 0:0,) = 0 (66)
@y(_Zky)T(Z) — vy B(—iky)

+ﬁy(2)V2(az5y +ay77z) = 0 (67)

—XT0.T + xTo, T = 0 (68)

In the last set of equations we have used the fact, that every

where [ denotes the applied temperature gradient across the
fluid. Additionally we have to specify the phenomenologi-
cal boundary conditions at the surface. Again the kinematic
boundary condition (14) for a free deformable surface is as-
sumed to hold. Second, we assume the heat flux ) through
the surface to be proportional to the local temperature gradi-
ent, where x denotes the coefficient of (surface) heat conduc-
tion.
Q(T) = —kd.T (60)
At the bottom (z = 0) of the container we assume the usual
rigid boundary conditions
v, =00, =T=0 61)
The state vector now becomes six dimensional and is de-
fined by

o= (U;E,Uy7’l)z,p, T, /)) (62)

so that the system of equations reads again in the general form

Lo® =0 (63)
We use the usual scalar product, however, now the z—inte-
gration is bounded between the bottom plate (¢ = 0) and the
free surface (z = &).

. L L & ¢
(®| D) = ngr;o i /d:v dy/dz/dt P (64)
L “L 0 0

The adjoint linear operator then turns out to be

—10,0, — 20,0, —0y 0 0
00,0, — 0.0,  —8, 0 0
—p0y — Ugaiz - (ﬁ + Vg)ag -0, -0 0
-0, 0 0 —Lo,
PO
0 0 —0 — Xaf 0
0 —Ly, 0 29,
Po PO

variable of the original system is modulated by &, in particular
we used T'(z) = T'(2)€ and v, ,(2) = 0,4 (2)€. Actually Eq.
(68) just states, that the adjoint temperature may differ from
the original one by just a constant. For the phenomenological
boundary conditions we take the same form as for the original
case, namely

= iwé
= —k0,T

(69)
(70)

The boundary conditions at the rigid bottom turn out to be



self-adjoint, but are repeated here

5= 0,0, = 0 (71)
T =0 (72)

B. The dimensionless representation

For the further discussion we give the dimensionless ver-
sion of the problem discussed in the previous section, because
it is common in all the other discussion regarding convection.
Following the usual steps®!, the linearized dynamical equa-
tions for the deviations from the conducting state of the tem-
perature 6 and the vertical component of the velocity v, read

(D? — k*)(D? — k* —iw)v,(z) = 0 (73)
(D? —k? —iwP)0(2) = —v.(2) (74)

The boundary conditions at the free surface using the stress
balance then read

(D2 + K. (2) = — M2 (9(2) - 71)5) (75)
CP(iw — D* + 3k*)Dv.(2) = —(B - E)k*¢  (76)

And for the phenomenological boundary conditions we gain

v.(2) = iw€ 77
P(D+ F)(z) = F¢ (78)

At the bottom, the equations reduce to
v,=Dv, =0 = 0 79)

While rescaling the variables we have introduced dimension-
less numbers such as the Prandtl number P = vy/y, the
Marangoni number M = ~3d?/(pxv2), the Crispation num-
ber C = proy/(od), the Bond number B = pGd? /o and the
Biot number F = (0Q)/0T)d/k as well as the dimensionless
derivative with respect to z, D = d/dz.

Using the same arguments with the adjoint set of equations
we find

(D? — k*)(D?* — k? +i0)v.(2) = —AfO(z)  (80)
(D? — k* +iwP)d(z) = 0 81)

It is worth mentioning here, that in eq. (80) an additional num-
ber, A = 3?d*/(xv), arises. This is, however, consistent
with condition (68), which allows the temperature in the ad-
joint case to differ from the original temperature by a constant
factor. One could rescale the dimensionless adjoint tempera-
ture by exactly this number A, resulting in a dimensionalized
adjoint temperature. This, however, is not surprising since
also in the discussion of the adjoint system of the Rosensweig
problem, the adjoint strain field acquired a different physical
unit due to the dynamic coupling between velocity field and
the strain field. The adjoint boundary conditions stemming
from the adjoining process turn out to be

~M(Dv,(2))k? (é - ;) = (D0,)(D*+k*v.(2) (82)

CP(ww—iwD?*+3iwk?®)Dv,(2) = —(B—k?)k*v.(2)(83)

While the ones describing the free surface are

v.(2) = iwé (84)
P(D+ F)i(z) = FE (85)

The self-adjoint boundary conditions at the bottom are re-
peated here in dimensionless form

7, =D7, =0 (86)
=0 (87)

In the dimensionless representation we explicitly made use
of the fact that the macroscopic variables are modulated by &,
in particular we used Duv, (z) = (Do.(z))€ and (z) = 6(2)E.

At that point we should mention a crucial point. While the
adjoint boundary conditions in the case of the Rosensweig in-
stability (26)-(28) turned out to be independent of the eigen-
vectors of the original case, the tangential boundary condition
(82) contains the eigenvectors of the original case. By inspec-
tion of the adjoining-process this is due to coupling between
the temperature and the velocity field, even though this cou-
pling does not drive the instability. A similar coupling in the
bulk equations of the Rosensweig case — the magnetic field
to the velocity or the strain field — was missing. As a con-
sequence, the adjoint dispersion relation will also depend on
the original eigenvectors, which is discussed in detail in the
Appendix.

C. The dispersion relation

We start solving the system of equations in the original
case. Previous analytical work accounting for a stationary
instability with finite deformation of the surface always as-
sumed stationary equations from the beginning. However, to
find a connection between the adjoint and original case, we
need the general dispersion relation of surface waves propa-
gating on the free surface.

To solve the dynamical equations (73) and (74) subject to
the boundary conditions (75)-(79) we used an ansatz with hy-
perbolic functions®2. In particular we used, after substitution
of eq. (74) into eq. (73), the following solutions

3
> (Aicosh(Xiz) + Bisinh(\;z))  (88)
=1
2
> (A - K —iwP)
i=1
X (AZ- cosh(\;z) + B; sinh()\iz)) (89)

0(2)

v, (2)

together with the roots

A o= k2 (90)
A= k2 tiw 91)
A o= kK24 iwP (92)

The solvability condition of the boundary conditions gives
the corresponding dispersion relation of plane waves traveling



on the surface of the fluid. However, the dispersion relation
can only be given implicitly and is shown in the Appendix

D(w,k,M) = 0 (93)

We will restrict ourselves in this discussion to the stationary
case, although solutions of eq. (93) with a finite frequency
w might exist at the threshold. On the other hand one can
prove analytically, that a nontrivial solution of eq. (93) is w =
0. Using this result we can perform the limit of a stationary
instability and the solvability condition in the stationary case
reduces to the neutral curve

8k(B+k?)(k cosh(k)+F sinh(k))(2k —sinh(2k))
8CKS cosh k + (B+k2) ( sinh® (k) — k3 cosh(k))
%94)

M:

which coincides with the result obtained by Takashima?? as-
suming stationarity from the beginning. In the limit of vanish-
ing surface deformations (C — 0) we find the same results as
Pearson'®, Nield'® as a special case.

These calculations and also the following ones have been
checked using the ansatz of Nield'®, who used Fourier modes.

D. The adjoint dispersion relation

As in the the case of the Rosensweig instability, to get the
adjoint system, one has to start with the fully dynamic prob-
lem. Using again hyperbolic functions the solutions can be
written as

v.(2) = Z (/_11» cosh(\;z) + B; sinh(j\iz)> 95)
i=1
0(z) = —(iw —_k2 +A3)(As — le)

As 5 Bz . <
X (I cosh(A32) + - blnh(/\32)> (96)

together with the adjoint roots

A= k2 97)
A=k —io (98)
A = k* —ioP (99)

With the help of the adjoint boundary conditions, we obtain
the dispersion relation of surface waves in the adjoint space,
that can only be given implicitly again (see Appendix)

D(@,w, k, M) = 0 (100)

This equation also gives @ as a function of the frequency in the
original case w, although the expression is more complicated
than for the case of the Rosensweig instability and a solution
of Eq. (100) has not been obtained analytically. Nevertheless
we have to guarantee that eq. (100) is fulfilled even when ap-
proaching the critical point for the stationary instability. When
expanding eq. (100) in terms of w we obtain

D(w,w,k, M) = Dy(@,w=0,k, M)
+ Di(@,w=0,k, M)w + O(w?) (101)

When approaching the marginal point, D; and all the contri-
butions of higher order in w cancel with w becoming 0. To ful-
fill eq. (101), additionally Dy has to vanish. It can be shown,
that if @ as a function w vanishes when w vanishes, the con-
stant contribution Dy becomes zero and the adjoint dispersion
relation is satisfied (see Appendix). Therefore the instabil-
ity in the adjoint case occurs at the same point with the same
characteristics.

VII. SUMMARY AND OUTLOOK

In this article we present a method to find the adjoint sys-
tem of equations and the corresponding boundary conditions
for surface driven instabilities with a deformable surface. In
particular we discuss explicitly the case of the Rosensweig in-
stability (in magnetic gels) and the case of pure Marangoni
convection. As a special case the adjoint system for the case
of pure ferrofluids is obtained straightforwardly when taking
the limit of a vanishing shear modulus.

For the adjoining process it turns out to be very important,
that the system is treated as a dynamical one and as compress-
ible. In the end, however, the general set of adjoint equations
can be simplified using the incompressibility condition.

The relation between the adjoint and the original frequency
in the case of the Rosensweig instability is simply w = —w.
This solution has a straightforward physical interpretation,
which is that left traveling waves in the original space trans-
form into right traveling waves in the adjoint space and vice
versa. The expressions for the adjoint eigenvectors take the
same structure as the ones in the original case, but due to the
dynamic coupling between the strain field and the velocity
field, the adjoint strain field acquires units of a shear modu-
lus. In the case of Marangoni convection the relation between
the original and the adjoint frequency is more complicated and
is only given implicitly. Nevertheless, the adjoint dispersion
relation for this case is also fulfilled in the stationary limit.

The obtained results now allow a weakly nonlinear anal-
ysis of instabilities with a deformable surface based on the
fundamental hydrodynamic equations leading to the desired
amplitude equation. In the case of the Rosensweig instability
this has already been done and will be presented in a future
article.
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Appendix: Dispersion relations for Marangoni convection

In this Appendix we give the dispersion relations of the
original and the adjoint Marangoni problem. In particular we
discuss the adjoint dispersion relation in the limit of w — 0.
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The solvability condition of the system of dynamic equa- scribes the relation between the frequency and the wave vector
tions (53 -56) together with the boundary conditions (57 -61) of surface waves propagating on a free surface. In an implicit
at the deformable surface yields the dispersion relation. It de- form (and using \; = k) it reads

J

D(w, k, M) = i P3(P — 1)k{k [Wc/\g cosh(\s) (214/\2 (K2(4iwP(P — 1) + M) — 25*P(P — 1))

+sinh(k) sinh(As) (iwk?(M + 8iwP(P — 1)) — iw®P(P — 1) + 2k*(M + 4iwP (P — 1)))

+E* A3 M(B 4 k%) (Ag sinh(k) — ksinh()2)) 4 sinh(\3) (A2k(Mk2(27> —1)(B+ k?) — 8w*P*K*CF(P — 1)
—4iw?P?(P — 1)CF) + sinh(k) sinh(Xo) (k* (B + k%) (2P — M + iwPME* (B + k?) — 8u*P?(P — 1) FCk*
—8iw P2(P — 1)FCk? + w*P*(P — 1)FC) ) Az cosh(Da) ((B + k) Ag (ME? — WP (P — 1)) cosh(As) sinh(k)
+iwP (20 MAk? + sinh (k) sinh(X) (iw(P = 1)(B + k) F + CME?(2K? + iwP)) )|

+ cosh(k) [A2 cosh(\2) (inC)\g cosh(Ag) (iw*P(P — 1) — 2k*(M + 4iwP(P — 1))

—iwk*(M + 4iwP (P — 1))) — sinh(A3) (K* M (B + k*)(2P — 1) — 8w?*P*(P — 1) FCk* — 4iw*P(P — 1) FCk>
+w' P (P — 1)]—'(3)) + k2 ((B + k) A3 (ME? — w*P(P — 1)) cosh(A3) sinh(\2) + iwP (CMA23(2k% + iw)

+sinh(\e) sinh(As) (iw(P — 1)F(B + k2) + CM(iw + k2)(iwP + 2k))))] } =0 (Al

Taking the stationary limit of this expression (while neglecting Using the same procedure for the adjoint problem, yields
the five trivial roots w = 0) results in the neutral curve given the implicit dispersion relation in the adjoint space (using
in Eq. (94). A =k)

D(@,w,k, M) =P(P — 1)@@3{ - [x3 cosh(As) (xz cosh(Xy) sinh(k) (ia*k2(B + k2)(P — 1)P

+iwACF (2k + iw(P — 1))) + k cosh(k) (iw°wCP? (0* + diwk?® — 8k?) cosh(A2) — (iwACF (2k + iw(P — 1))
+iw?k*(B + k*)P(P — 1)) sinh(X2)) + iww’Ck*P? (P — 1) (8k* Xy — diwks + (8k" — 8iwk? — &) sinh(k)

X sinh(Xz))) + k]—'(iwAC]—"((%Q — i) sinh(X2) — 2kAg sinh(k)) + sinh(Ag) (iwCA2 (4k* (P — 1)P?(2k* — iw)w?
+A(k*(2 — 4P) + i@P) + cosh(k) cosh(A2)(24k*(2P — 1) — iw(P — 1)A + 0*P*(P — 1)(@* + 4ivk? — 8k?)))
+iw* ok (B + k*) (P — )P — i@*k*P(P — 1)(B + k?) cosh(k) sinh(Ay) — iwkC sinh(k) sinh(\z) (A

PO —
P Dy
X (XQ (iwACF (P — 1) — 20°K*P(B + k?) + 20*P?(B + k?)) + sinh(k) cosh(Xs) (iw ACFK*(2P — 1)

X (i@(3P — 1) + E2(4P — 1) + @*P2(P — 1)(@? + Sick — 8k4)))))] + 1k2M[cosh(5\3)5\3

FwACF(P — 1) 4 20%k*P(B + k?) — 20°k*P? (B + k%) + i’k (B + k?) — i@®k* P (B + k;2))>
+w?k*(B + k*)FP(P — 1)(2kA2 + (2k* — iw) sinh(k) sinh(X2)) sinh(A3) — iwCkAs cosh(As)
x (AFAs + ksinh(As) (AF sinh(As) — @3P*(P — 1)(A3 cosh(Xs) + F sinh(X3)))) — k cosh(k )()\2 cosh(Mo)
x (A3 (iwACF (2P — 1) + 20k*(B + k) (P — 1)P) cosh(3) + 20’ k2 FP(P — 1)(B + k?) sinh(\3))

—iwC (sinh(Xy) (k2 — iw) (AF sinh(Ag) + i@*P(P — 1)(As cosh(As) +fsmh(A3)))))]} =0 (A2

Here D stills contains w, the frequency of surface waves in the original space. To find the relation between & and w is not as
simple as in the case of the Rosensweig instability. However, all what we need is to guarantee that & vanishes at the linear
threshold of the physical problem, where w = 0. The reason for this requirement is that the resonance condition for a nonlinear
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expansion of the basic equations cannot be satisfied in the case above, the adjoint dispersion relation depends on the original
of a finite adjoint frequency @ but a vanishing frequency w. eigenvectors due to the dynamic bulk coupling between the
In the main text the expansion of D in terms of w is given, temperature and the velocity field. The stationary limit for the
Eq.(101), and will not be repeated here. As stated already latter one is given by

J

~ 8M.k? cosh(k)

v.(2) N {k:z sinh(k) cosh(kz) — [kz cosh(k) + sinh(k) — zsinh(k)] sinh(k:z)}f (A3)
while the stationary eigenvector for the temperature field reads

o) = o

- [16k2f + M1+ 2) — 1+ (14 E2(1 + 2)) cosh(2k)) + k(M(1 — 2 + k222) — 8F) sinh(gk)} sinh(kz)}§

{2k2/\/l cosh(k) (kz cosh(k) — (z — 3) sinh(k))z cosh(kz) (Ad)

with the abbreviation
N = 2k((M.—8)k*—2F) cosh(k) + 4kF cosh(3k) + (8(1—2F)k* + M. + (8k*— M) cosh(2k)) sinh(k) (AS)

We can substitute Eqs. (A3) and (A4) into the constant contribution Dy of Eq. (101) resulting in the explicit expression

_ , 2k sinh? (k) (sinh(2k) — 2k
Do(@,w=0,k, M) = @(w=0)k*(B* + k*)(P — 1) P? (k; cosh(k) + .7-'smh(k)) o ;kl(, coih(;k) ) (A6)
(

When assuming P # 1 and k # 0, Dy = 0 can only be the original case, also the adjoint case is stationary.
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